A thermoelastic asperity contact model has been developed for two-dimensional problems. This model takes into account a steady state heat transfer and the asperity distortion due to thermoelastic deformations. The work reported in this paper further refines the thermoelastic model to include the shear traction effect on the thermoelastic stress distributions and derives semi-empirical relations for the contact pressure, temperature, asperity separation, and contact area, as functions of friction, asperity properties, and material properties. A method of boundary constraint coefficients is developed to facilitate the stress analyses of a half space using a finite computation domain. 
INTRODUCTION
The rough surface contact process in a tribological system is a thermodynamic process.
Although it is very difficult to completely describe the physics involved in this process, isothermal contact analyses have significantly explored the mechanical nature of contacts in relative motions. Contact simulations (Lee and Ren 1996) and contact stress analyses with and without sliding frictions (Bailey and Sayles 1991 , Lee and Ren 1994 , Lubrecht and Loannides 1991 , Kral and Komvopoulos 1997 , Merrian and Kannel 1989 , Kuo and Keer 1992 , Goryacheva and Sadeghi 1996 are some of the examples. The temperature rise in the vicinity of asperity contact regions due to frictional heating can result in thermal deformations and thermal stress, which are responsible for thermal instability and other types of thermal-related failures, such as scuffing and seizure, to occur. Thermoelastic analyses of smooth-surface contacts or single asperity contacts (Azarkin and Barbar 1989 , Ting and Winner 1989 , Ju and Farris, 1997 , Lu and Bryant, 1994 have indicated that the influence of temperature rise should be included in tribological contact studies. Recently the authors have developed an FEM-based (finite element method based) thermoelastic asperity contact model that takes into account the asperity distortion caused by temperature variations (Wang and Liu 1999) . Contact stress analyses were conducted based on the thermoelastic asperity contact model and the results suggest the frictional heat input can change the location of the maximum von Mises stress and stress distributions (Liu and Wang 1999) .
However, this thermoelastic asperity contact model mentioned above does not take into account the friction on the contacting surfaces. Although the shear caused by friction contributes little to the contact load (Johnson 1996) , it may have a strong influence on the thermoelastic stress distributions. One part in this paper presents the work that extends the effort of modeling asperity contacts by including surface friction in the thermoelastic asperity model for more realistic stress analyses. A method of boundary constraint coefficients is developed to facilitate the analyses. The complete FEM simulation can consider all the asperity details; however, the model is not convenient to use in the iteration process for mixed-lubrication calculations due to the limitation of computational time and computer memory. The authors found that Lee and Ren's isothermal semi-empirical method (1996) for contact parameter correlation would be an effective means and could be applied into the current study. The other part of the paper develops semi-empirical formulas to simulate thermal elastic-plastic rough surface contacts as functions of friction, asperity properties, and material properties.
THERMOELASTIC ASPERITY CONTACTS WITH BOTH NORMAL AND TANGENTIAL TRACTIONS
2-1 Rough surface and thermoelastic contact Figure 1 present a surface asperity in a thermoelastic contact. For a given normal force, F and frictional heat input, the asperity should experience a depression by the force and an expansion due to frictional heat. At any point, x k , in the contact region, the sum of the elastic deformation, p k u , the thermal deformation, t k u , the separation, k s , and the rigid-body motion, α, satisfies the following expression:
The structure of modern tribological materials can be described as layered media with a rough surface of many asperities. Assuming a uniform layer thickness and symmetrically extending a profile digitized in a finite sampling length, L, across the boundary should produce a representative rough half space, as shown in Figure 2 (a). Due to the geometric symmetry, a model shown in Fig. 2 
In these equations, Ω i is the layer domain, i, shown in Fig. 2(a) . S 1 refers to the contacting surface with heat generated at each contact spot and q(x) is the frictional heat flux. The normal traction at surface location x k , is related to the contact pressure, p(x k ), and acts over a differential area ∆A:
The heat flux is proportional to the contact pressure, p(x k ), or to the surface nodal force, F k :
An adiabatic boundary condition shown in Eq. (5) can be assigned to S 2 and S 3 , as validated by the symmetric extensions of the digitized profile. A prescribed temperature, 0 T , may be proper for the base, S 4 , of the model. If the entire surface is subjected to the same heat-transfer conditions, the heat exchange across the boundaries of the profile segment may be negligible 6 because of the geometric symmetry. The geometry and conditions, shown in Fig. 2 (b) , would also be proper for asperity contact stress analyses if there were no frictional shear on the surface.
2-2 Fictional shear and boundary constraint coefficients
The shear problem needs to be described in a larger domain so that the edge effect on the calculation domain becomes negligible. Solving the entire problem in the larger domain could be costly, but extracting the calculation domain from the larger domain may be practical as long as the boundary deformations are known. An extended model, as shown in Fig. 3 (a) , should be introduced, where the domain of the original model becomes the central portion of the new model. Due to the symmetric extensions of the surface profile, the tractions on the surface should also be symmetric with respect to each boundary, as shown in Fig. 3 
where t indicates transport operation, M is the total number of nodes at each boundary, and i = 1,…m, where m is total number of surface nodes of the calculation domain.
The constraint coefficient matrices should only be solved once for one set of layered structures and due to the geometric symmetry, only one half of the surface nodes actually need to be considered in the constraint coefficient calculation. Once the boundary-constraint coefficients are solved, the true constraint deformations may be simply computed by superposing the effect of all the tractions on the surface of the calculation domain. The boundary constraints,
The solutions of the boundary deformations allow the calculation domain in Fig The effectiveness of this boundary treatment was proven by comparing the calculated stress distribution for a combined parabolic pressure and related frictional shear with those obtained using an analytical method (Sackfield and Nill, 1983) , and the results are shown in Fig 
THERMOELASTIC STRESS ANALYSES
The thermoelastic stresses for both coated and uncoated materials were studied. A titanium nitride (TiN) with a thickness of 100σ , where σ is the RMS roughness of the surface profile, was selected as the coating material on a steel substrate. Table 1 
SEMI-EMPIRICAL RELATIONS FOR THERMOELASTIC CONTACTS
Contact pressure, temperature, and contact area, as well as the separation between two surfaces are important items to be considered in mixed lubrication analyses. Incorporating a real contact simulation in a mixed-lubrication process could be time consuming and impractical.
Semi-empirical relations for these items should be developed as a result of the thermoelastic analyses in order to facilitate further tribological studies. The authors intend to express the contact pressure, temperature, and contact area, as functions of friction, asperity properties, and material properties for rough surfaces without a coating. Because the frictional shear has a very small influence on the contact load, it is neglected in fitting the semi-empirical formulas. A group of non-dimensional parameters is defined in the expressions of temperature, contact area, and the surface normal approach:
where,
, σ is the RMS surface roughness, V, α, λ, β, σ y and a p are the speed, correlation length, heat partition, yield strength of the softer material, and the average contact pressure.
4-1 The semi-empirical relations
The average asperity gap. The thermoelastic process of asperity deformation reveals that the
, should be a function of the contact pressure, the heat input, and material properties, as well as the surface roughness:
Numerical results suggest the average gap be related to pressure in an exponential form: 
There are 28x5 = 140 undetermined coefficients.
The area of asperity contacts.
Similar to the average gap function, the average asperity contact area,
, which is the real area of contact normalized by the nominal contact area, should also be a function of the contact pressure and the heat input, as well as the surface
A polynomial form would be proper for the expression of the contact area:
where The 56 coefficients should be determined by the numerical simulation results.
The maximum asperity contact temperature rise.
The maximum temperature rise occurs on the surface. It is controlled by the properties of the material and the heat input, which is related to the contact pressure and sliding speed, as well as the surface roughness. A nondimensional temperature may be defined with the assistance of the thermal parameter, T γ , which is a function of pressure, roughness, and material properties. The following linear relationship between temperature rise and contact pressure is obtained:
where 
There are sixteen parameters to be determined.
Thirty-six groups of asperity profiles were numerically analyzed to generate data for the correlation. Least square curve-fitting method was applied to solve the unknown coefficients.
The maximum error is about 15%. The appendix of the paper lists the coefficient matrices in Eqs. (22), (24), and (26) and application conditions.
4-2
Results and discussion Figure 7 compares the results of the present work with that from Lee and Ren's model (1996) . The thicker line from Lee and Ren well matches the isothermal solution of the current model, as shown by the solid circles. Increasing the heat input, as indicated by the fV values, shifts the curves away from the isothermal solution. In order to maintain the average gap at the same value, higher frictional heat input demands the application of a higher pressure. On the other hand, for a certain level of pressure, more severe frictional heating can result in larger surface separation.
Figures 8, 9, and 10 present sample calculations using the semi-empirical equations and comparisons with the numerical data. The good datum agreement suggests that the semiempirical relations expressed by Eqs. (22), (24), and (26) may be safely used in further tribological analyses. The trend of the curves in Figure 8 is very similar to that of the curves plotted in Figure 7 . It more clearly points out that frictional heating may cause asperity contact to occur at a very large surface separation, for instance, at σ / T h H = as large as 3 to 4. The relation between the maximum temperature rise and pressure is nearly linear, as shown in Fig. 9 , for different amount of heat input. Most likely the small non-linearity is caused by asperity distortions. Figure 9 also implies that the increase of heat input causes the temperature rise to increase, because the latter is normalized by the thermal parameter, γ T . The asperity pressure correlates to the average gap exponentially. The real contact area, as normalized by the nominal contact area, increases with pressure, but decreases with heat input, as presented in Fig. 10 . This observation is understood because for a given pressure, higher heat input can result in larger asperity growth (larger separation) that should correspond to a smaller contact area.
Equations (22), (24), and (26) can significantly reduce the amount of work in mixedlubrication analyses that require calculations of contact pressure, film thickness (surface separation) and asperity temperature. It should be pointed out that because the steady-state heat transfer is modeled in this study, the semi-empirical equations should be applied to the stationary element only. Although this limitation excludes the application of these equations to moving parts, a simplified solution may be obtained by assuming that the stationary surface have a composite roughness while the mating moving one is ideally smooth. CONCLUSIONS The paper presents a thermoelastic model that includes the shear traction effect on the thermoelastic stress distributions and derives semi-empirical relations for the contact pressure, temperature, asperity separation, and contact area, as functions of friction, asperity properties, and material properties. A method of boundary constraint coefficients is developed to facilitate the stress analyses of a half space using a finite computation domain.
The combined effect of frictional heating and shear, along with that of the normal pressure, determines the stress values and distributions. Frictional shear significantly increases the value of the maximum von Mises stress and degree of distortion of the stress contours, while frictional heat is mainly responsible for the expansion of plastic zones.
Three semi-empirical equations (22), (24), and (26) have good agreement with the numerical data. They explicitly present the physical correlation among the contact pressure, temperature, asperity separation, and contact area as influenced by frictional heating.
ACKNOWLEDGEMENT
The authors would like to acknowledge support by the National Science Foundation and 
APPENDIX
The coefficient matrices for the semi-empirical equations (22), (24), and (26): ).
Figure 9
The correlation between the average contact pressure and the maximum temperature rise ( 667 . 0 ,
).
Figure 10
The correlation between the real area of contact and the average contact pressure ( Description of asperity contact subject to frictional heating. (a) A rough surface generated by symmetric extension of a digitized profile and the layered media.
(b) Contact, frictional heating, and thermal boundaries.
Figure 3
The extended model to include frictional shear. (a)
The extended domain for boundary constraint coefficients.
(b) The calculation domain with boundary constraint defined. for fv = 0.5 and fv = 0.8). ).
